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Abstract
We describe a finite complex B as I-trivial if there does not exist a Z2-map from Si−1 to S(α) for any vector bundle α over B
and any integer i with i > dimα. We prove that the m-fold suspension of projective plane FP 2 is I-trivial if and only if m = 0,2,4
for F = C, m = 0,4 for F = H. In the case where F is the Cayley algebra, the m-fold suspension is shown to be I-trivial for every
m> 0.
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1. Introduction
In [6], we investigated the I-triviality of the space Sn−1 ∪k en, the mapping cone of the degree k map k :Sn−1 →
Sn−1. In this paper, we discuss that of the space Sn−d ∪ν en, the mapping cone of the (iterated suspension of) Hopf
map ν :Sn−1 → Sn−d , where d = 2,4,8 and n 2d .
First we recall from [6] a few terminologies and results to be needed here. For a real vector bundle α over a CW
complex B , the index of α, denoted indα, is defined to be the largest integer i for which there exists a Z2-map from
Si−1 to S(α). Here, S(α) is the associated sphere bundle of α, regarded as Z2-space by the antipodal map on each
fiber. The sphere Si−1 is also regarded as Z2-space by the antipodal map. The underlying space B is called I-trivial if
the equality indα = dimα holds for every vector bundle α over B . Thus the classical Borsuk–Ulam theorem can be
stated as “the point space is I-trivial”. In [5], we have shown the following theorem, which is essentially due to Milnor
(see [3]).
Theorem 1.1. (See [5].) The sphere Sn is I-trivial if and only if n = 1,2,4,8.
Following this result, it might be interesting to ask when a 2-cell complex B is I-trivial. Let us consider the
case B = Sn−d ∪ν en as mentioned above, that is, the case B = ΣmFP 2, the m-fold suspension of the projective
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2850 R. Tanaka / Topology and its Applications 154 (2007) 2849–2855plane FP 2. Here, m = n − 2d and F is C,H or the Cayley algebra. We note that, since ΣmRP 2 = Sm+1 ∪2 em+2,
we already have the following result in the real case (see [6, Theorem 1.2]).
Theorem 1.2. ΣmRP 2 (m 0) is I-trivial if and only if m = 0,1,2,6.
In this paper, we prove the following theorems.
Theorem 1.3. Let m 0.
(1) ΣmCP 2 is I-trivial if and only if m = 0,2,4.
(2) ΣmHP 2 is I-trivial if and only if m = 0,4.
Theorem 1.4. For F the Cayley algebra, ΣmFP 2 is I-trivial for every m> 0.
It is not settled as yet whether the Cayley projective plane itself is I-trivial or not (that is, the case m = 0 in
Theorem 1.4).
Our method to prove these theorems is basically similar to the one used in [6] except that we use secondary
cohomology operations in the quaternionic case and the Cayley number case.
Throughout this paper, all cohomology is assumed to have coefficients Z2 unless otherwise stated. The total Stiefel–
Whitney class of a vector bundle α is denoted by W(α). The next lemma is fundamental.
Lemma 1.5. (See [4,6].) If W(α) = 1, then we have indα = dimα.
A space B is called W-trivial if W(α) = 1 holds for every vector bundle α over B . The sphere Sn is W-trivial if
and only if n = 1,2,4,8 [3, Theorem 1]. The next lemma follows from Lemma 1.5.
Lemma 1.6. If B is W-trivial, then B is I-trivial.
2. Calculations
In this section, we calculate the Stiefel–Whitney classes. Let d = 2,4,8. The case d = 1 is also valid as far as this
section is concerned. Let us consider the space ΣmFP 2 = Sn−d ∪ν en. We denote it simply by Mnd . Throughout this
section, we assume m 1, that is, n 2d + 1. By this assumption, every cross product in H˜ ∗(Mnd ) is trivial because
of the dimension reason. Let α be an n-dimensional vector bundle over Mnd , and denote its projective bundle by P(α).
The cohomology H ∗(P (α)) is a free H ∗(Mnd ) module generated by 1, e, e2, . . . , en−1, where e denotes the Z2-Euler
class of the line bundle α → P(α). In Hn(P (α)), we have the relation en =∑n−1j=0 wn−j (α)ej = wn + wn−d · ed .
Here we abbreviate wn(α) and wn−d(α) respectively as wn and wn−d . We remark that H˜ i(Mnd ) = 0 unless i = n or
i = n − d . Now, we apply the total squaring operation Sq =∑j0 Sqj to this relation. Since Sq(en) = en(1 + e)n
and Sq(ed) = ed(1 + e)d = ed(1 + ed) (recall d = 2,4,8), we obtain the following relation.(
wn +wn−d · ed
)
(1 + e)n = (wn + wn−d · ed)+ (Sqdwn−d · ed +wn−d · e2d)+ Sqdwn−d · e2d . (2.1)
Here, we note that P(α) is of dimension 2n − 1. So we compare the i-dimensional terms in the relation (2.1) for
each i with n+ 1 i  2n− 1. The only non-trivial terms in the right-hand side are of dimensions n+ d and n+ 2d .
We remark that n + 2d  2n − 1 because of our assumption n 2d + 1. Thus, for i = n + d and i = n + 2d , we get
the following two equations from (2.1).(
n
d
)
wn · ed +
(
n
d
)
wn−d · e2d = Sqdwn−d · ed +wn−d · e2d , (2.2)(
n
)
wn · e2d +
(
n
)
wn−d · e3d = Sqdwn−d · e2d . (2.3)2d 2d
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Hn(P (α)), we can do it only when those exponents of e are less than n. Though we have d < 2d  n − 1 from our
assumption, it is possible that 3d  n. In the case 3d  n, we calculate as e3d = en · e3d−n = (wn +wn−d · ed) · e3d−n.
Hence we have wn−d · e3d = 0 because every cross product in H˜ ∗(Mnd ) is trivial. Thus, the second term vanishes in
the left-hand side of (2.3) and Eq. (2.3) in this case is reduced to the following.(
n
2d
)
wn · e2d = Sqdwn−d · e2d . (2.3)′
In either case, from (2.2) and from (2.3) or (2.3)′, we have the following.
Lemma 2.1.
(1) ( nd )wn = Sqdwn−d = ( n2d )wn,
(2) ( nd )wn−d = wn−d .
Next we compare the i-dimensional terms in the relation (2.1) for each i such that n + 1  i  2n − 1 and i =
n + d,n+ 2d . Let i = n+ j . We get the following equation.(
n
j
)
wn · ej +
(
n
j
)
wn−d · ed+j = 0 (1 j  n− 1, j = d,2d). (2.4)
We wish to compare the coefficients of ej and ed+j in the above equation. Though we have j  n−1, it is possible
that d + j  n. In this case, we have ed+j = en · ed+j−n = (wn + wn−d · ed) · ed+j−n, and the second term vanishes
just like before. Eq. (2.4) in this case is reduced to the following.(
n
j
)
wn · ej = 0 (1 j  n− 1, j = d,2d). (2.4)′
In either case, from (2.4) or (2.4)′, we have the following.
Lemma 2.2.
(
n
j
)
wn = 0 (1 j  n− 1, j = d,2d).
Recall that Mnd = Sn−d ∪ν en = ΣmFP 2. By use of Lemmas 2.1 and 2.2, we prove the following.
Proposition 2.3. Assume n 2d + 1. If n = 3d and n is not a power of 2, then Mnd is W-trivial.
Proof. Let α be an arbitrary vector bundle over Mnd . We show that every Stiefel–Whitney class of α vanishes under
the hypotheses. From the stability of the Stiefel–Whitney classes and also from the stability theorem of vector bundles,
we may assume dimα = n. Now, suppose wn(α) = 0. From Lemma 2.2, we have(
n
j
)
≡ 0 mod 2 (1 j  n− 1, j = d,2d).
Considering the symmetric property of the binomial coefficients,
(
n
j
)= ( n
n−j
)
, we obtain
(
n
j
)≡ 0 (mod 2) for all j ′s
with 1 j  n − 1 unless n − d or n − 2d coincides with either of d and 2d . Thus, if n = 2d,3d,4d , then n must
be a power of 2. Note that we have assumed n  2d + 1 and 4d is also a power of 2. Therefore we conclude that
wn(α) = 0 if n = 3d and n is not a power of 2. Next we look at wn−d(α). From Lemma 2.1, we have Sqdwn−d(α) =(
n
d
)
wn(α). Since we have shown wn(α) = 0 under the hypotheses, we obtain Sqdwn−d(α) = 0. On the other hand,
Sqd : Hn−d(Mnd ) → Hn(Mnd ) is injective. This shows wn−d(α) = 0 and the proof is completed. 
We clearly have
(
n
d
) ≡ 1 (mod 2) if n = 3d , and (n
d
) ≡ 0 (mod 2) if n is a power of 2. Hence we also have the
following proposition from Lemma 2.1.
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(1) If n = 3d , then wn(α) = Sqdwn−d(α).
(2) If n is a power of 2 and n 2d + 1, then wn−d(α) = 0.
Remark. In these two cases, the above results are all that we can get from the relation (2.1). In fact, if we put wn−d = 0
in (2.1) in the case where n is a power of 2 and n 2d + 1, the relation (2.1) reduces to wn · (1 + e)n = wn, which is
a trivial relation since wn · en = 0. Similarly, if we put wn = Sqdwn−d in (2.1) in the case n = 3d , the relation (2.1)
reduces to a trivial one.
3. KO-groups and secondary cohomology operations
Recall that Mnd = Sn−d ∪ν en. In this section, we investigate the W-triviality of Mnd when n is a power of 2. In fact,
we prove that Mn2 and M
n
4 are W-trivial if n is a power of 2 with n > 8, and M
n
8 is W-trivial if n is a power of 2 with
n > 16. Our method for Mn2 is a deduction from the result on Sn. For M
n
4 and M
n
8 , this method does not work well,
so we use secondary cohomology operations.
For a space B , if K˜O(B) = 0, then B is clearly W-trivial. Thus it will be worthwhile to see K˜O(Mnd ) here. The
following lemma follows easily from the naturality of Stiefel–Whitney classes.
Lemma 3.1. Let f :B → B ′ be a map and suppose that B ′ is W-trivial. Then B is also W-trivial if f ∗ : K˜O(B ′) →
K˜O(B) is surjective.
Now consider the cofibration
Sn−1 ν−→Sn−d i−→Mnd .
From the KO-cohomology exact sequence for this cofibration, we obtain the following lemma. Note that we are
interested in the case where n is a power of 2 with n 2d + 1, thus in the case where n ≡ 0 (mod 8).
Lemma 3.2. Let j :Mnd → Sn be the quotient map and let n ≡ 0 (mod 8).
(1) K˜O(Mn2 ) ∼= Z and the homomorphism j∗ : K˜O(Sn) → K˜O(Mn2 ) is surjective.
(2) K˜O(Mn4 ) ∼= Z ⊕ Z.
(3) K˜O(Mn8 ) ∼= Z ⊕ Z.
In the above lemma, the surjectivity of j∗ is due to K˜O(Sn−2) = 0. We remark that j∗ is not surjective in the cases
d = 4 and d = 8.
Recall that Sn is W-trivial if n = 1,2,4,8. By the above two lemmas, we can improve Proposition 2.3, in the case
d = 2, as follows.
Proposition 3.3. Let d = 2 and assume n 2d + 1. If n = 3d,8, then Mnd is W-trivial.
In the cases d = 4 and d = 8, we utilize the decomposition of Sq2k+1 (k  3) by secondary operations [1]. We
summarize Adams’ results necessary for our purpose. Let X be a space and let k  3. Let u ∈ Hm(X) (m > 0) be a
class such that Sq2r u = 0 for 0 r  k. Then, for each i and j such that 0 i  j  k and i = j − 1, a secondary
operation Φi,j of degree 2i +2j −1 is defined on the class u with an indeterminacy Qm+2i+2j−1(X; i, j). Furthermore,
there is a relation as follows.
Theorem 3.4. (See [1, Theorem 4.6.1].)[
Sq2
k+1
u
]=∑ 0ijk
i =j−1
ai,j,kΦi,j (u)
modulo
∑
ai,j,kQ
m+2i+2j−1(X; i, j). Here, k  3 and each ai,j,k is a certain Steenrod operation.0ijk,i =j−1
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First we consider the case d = 4. Let n = 2k+1 with k  3 and let α be an arbitrary vector bundle over Mn4 . We
may assume dimα = n as before. Consider the Thom space T (α) of α. We denote by u the element in Hn(T (α))
corresponding to the Thom class U under the isomorphism H˜ ∗(T (α)) ∼= H ∗(D(α),S(α)). From the Thom isomor-
phism H ∗(D(α),S(α)) ∼= H ∗−n(Mn4 ), we have H˜ (T (α)) = 0 unless  = n, 2n − 4 or 2n. Therefore, in H ∗(T (α)),
possible non-trivial squaring operations on the class u are only of degree n − 4 and n. We show Sqnu = 0. Note that
n − 4 is not a power of 2 because n − 4 = 2k+1 − 4 and k  3. Hence, we have Sq2r u = 0 for 0  r  k, so that
Φi,j (u)
′s can be defined. We apply the decomposition in Theorem 3.4 to Sqnu. Recall that Φi,j (u) is an element in
Hn+d(i,j)(T (α))/Qn+d(i,j)(T (α); i, j). Since d(i, j) is odd if i > 0, and a power of 2 if i = 0, there are no (i, j)’s
such that d(i, j) = n − 4. Hence, we have Hn+d(i,j)(T (α)) = 0 for every (i, j). We thus have Φi,j (u) = 0 as well as
Qn+d(i,j)(T (α); i, j) = 0 for every (i, j). Therefore, by Theorem 3.4, we obtain Sqnu = 0 with the indeterminacy 0.
Under the isomorphism H˜ ∗(T (α)) ∼= H ∗(D(α),S(α)), this corresponds to SqnU = 0. Since SqnU = wn(α)U ,
we obtain wn(α) = 0. It has been already shown, in Proposition 2.4, that wn−4(α) = 0 for n = 2k+1 with k  3. We
therefore conclude that W(α) = 1.
Thus, we can improve Proposition 2.3, in the case d = 4, as follows.
Proposition 3.5. Let d = 4 and assume n 2d + 1. If n = 3d , then Mnd is W-trivial.
Next we consider the case d = 8 in a similar fashion. In this case, we also prove that Mnd is W-trivial for n = 3d . So
let n be either 3d or 2k+1 with k  3. Let α be an arbitrary vector bundle over Mn8 with dimα = n. Since H˜ (T (α)) = 0
unless  = n, 2n− 8 or 2n in this case, possible non-trivial squaring operations on the class u are only of degree n− 8
and n.
Case I. n = 2k+1 with k  3.
If n − 8 is not a power of 2, that is, if k  4, we clearly have Sq2r u = 0 for 0 r  k, whence Φi,j (u)′s can be
defined. We investigate whether Hn+d(i,j)(T (α)) = 0 for every (i, j). Since d(i, j) is either odd or a power of 2 as we
have already seen, there are no (i, j)’s such that d(i, j) = n− 8 if k  4. Thus, if k  4, then Hn+d(i,j)(T (α)) = 0 for
every (i, j), and we have Sqnu = 0 with the zero indeterminacy, so that we obtain wn(α) = 0 just as before. Since we
also have wn−8(α) = 0 for n = 2k+1 with k  4 by Proposition 2.4, we conclude that W(α) = 1 if k  4 in this case.
Case II. n = 3d .
In this case, n − 8 is 16, a power of 2, and the previous argument is not valid to show wn(α) = 0. Now, from
Proposition 2.4, we recall that we have wn(α) = Sqdwn−8(α) in this case. Hence, to prove W(α) = 1, it suffices to
show wn−8(α) = 0. Since Sqn−8U = wn−8(α)U , it suffices to show Sqn−8U = 0, or equivalently, Sqn−8u = 0. Again
we use Theorem 3.4. First, we have n − 8 = 24. Secondly, we have H(T (α)) = 0 for n <  < 2n − 8. Therefore we
obtain Sqn−8u = 0 by Theorem 3.4. We thus conclude that W(α) = 1 in this case, also.
Therefore, we can improve Proposition 2.3, in the case d = 8, as follows.
Proposition 3.6. Let d = 8 and assume n 2d + 1. Then Mnd is W-trivial.
By this proposition, using Lemma 1.6, we have completed the proof of Theorem 1.4, since Mn8 = ΣmFP 2 with F
the Cayley algebra.
Remark. We have shown that, for F the Cayley algebra, ΣmFP 2 is W-trivial for every m> 0. Note that FP 2 itself is
not W-trivial. This is easily seen by considering a vector bundle over FP 2 whose restriction to S8 is stably equivalent
to the Hopf bundle over S8.
4. Existence of non-trivial Z2-maps
In this section, we complete the proof of Theorem 1.3. Recall that Mnd = ΣmFP 2 (F = C,H), and consider first
the case n = 2d , that is, the case m = 0. Let ξF denote the canonical line over FP 2, regarded as a real bundle. Since
S(ξF ) = S3d−1, we clearly have a Z2-map S3d−1 → S(ξF ), so that ind ξF  3d > dim ξF = d (actually, ind ξF = 3d).
Thus, Mn is not I-trivial in the case n = 2d . Consider the case n  2d + 1. By Propositions 3.3 and 3.5, usingd
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shown that those three spaces M62 , M
8
2 and M
12
4 are not I-trivial. We first prove the following.
Proposition 4.1. M3dd is not I-trivial for both d = 2 and d = 4.
Proof. Let d = 2 or 4 and consider the cofiber sequence
S3d−1 ν−→S2d i−→M3dd
j−→S3d .
Since 3d − 1 = 5 or 11, we have K˜O(S3d−1) = 0, so that the homomorphism i∗ : K˜O(M3dd ) → K˜O(S2d) is surjective.
Let ρ denote the Hopf vector bundle over S2d . We remark that dimρ = 2d and we are using Hopf vector bundles
over S4 and S8 by shifting the fields for d = 2 and d = 4, that is, for F = C and F = H. Since i∗ is surjective, there
is α, a vector bundle over M3dd , such that i∗(α) represents the class of ρ in K˜O(S2d). Since dimM
3d
d = 3d , we may
take α so that dimα = 3d . Then, since dim i∗(α) > dimS2d , we have i∗(α) ∼= ρ ⊕ d from the stability theorem of
vector bundles. Now consider the bundle monomorphism ρ ↪→ ρ⊕d i−→α. Since S(ρ) = S4d−1, we obtain a Z2-map
S4d−1 → S(α) by restricting the above bundle monomorphism to the sphere bundles. Therefore we obtain indα  4d .
Since dimα = 2d , it follows that M3dd is not I-trivial. 
Remark. In the above proof, one can show indα = 4d . In fact, since Sq2d t2d = 0 and Sqdt3d = 0 in H ∗(RP 4d),
where t is the generator of H ∗(RP 4d), it is easy to see Hom(H˜ ∗(M3dd ), H˜ ∗(RP
4d)) = 0. Thus we have indα  4d ,
using [4, Proposition 2.4].
Finally we prove the following.
Proposition 4.2. M82 is not I-trivial.
Proof. We consider the cofiber sequence
S7
ν−→S6 i−→M82
j−→S8.
Let ρ denote the Hopf vector bundle over S8, and put α = j∗(ρ). Then, we claim that indα > dimα. Note that
dimα = 8 and w8(α) = 0 since w8(ρ) = 0. Since the attaching map ν in M82 = S6 ∪ν e
8 is the only non-zero element
in π7(S6) ∼= Z2, we may regard M82 as CP 4/CP 2 (up to homotopy type). Denote by q the quotient map CP 4 →
CP 4/CP 2 = M82 and by π the projection RP 9 → CP 4. Let h be the composition
RP 8 ↪→ RP 9 π−→CP 4 q−→M82 .
The homomorphism h∗ :H 8(M82 ) → H 8(RP 8) is bijective, since π∗ :H 8(CP 4) → H 8(RP 9) is an isomorphism.
Let us consider the bundle h∗(α) over RP 8. From the naturality of Stiefel–Whitney classes, we have W(h∗(α)) =
1+w8(h∗(α)) = 1. Hence, in H ∗(RP 8), we have W(h∗(α)) = 1+ t8 = (1+ t)8, where t is the generator of H ∗(RP 8).
Let ξ denote the canonical line bundle over RP 8. Since W(ξ) = 1 + t , by an analogous formula to Formula III of
Theorem 4.4.3 in [2], we obtain W(h∗(α) ⊗ ξ) = (1 + t + t)8 = 1. Therefore h∗(α) ⊗ ξ is orientable. The only ob-
struction to its non-zero cross section lies in H 8(RP 8;π7(S7)). Since the mod 2 reduction H 8(RP 8;Z) → H 8(RP 8)
is an isomorphism, w8(h∗(α)⊗ ξ) = 0 means that this obstruction vanishes. Therefore, we can decompose h∗(α)⊗ ξ
into the form 1 ⊕ β for some vector bundle β with dimβ = 7, so that we can write h∗(α) as h∗(α) = ξ ⊕ (β ⊗ ξ).
Now consider the bundle monomorphism ξ ↪→ h∗(α) h−→α. Since S(ξ) = S8, we obtain a Z2-map S8 → S(α) by
restricting the above bundle monomorphism to the sphere bundles. Therefore we obtain indα  9. Since dimα = 8, it
follows that M82 is not I-trivial. 
Remark. In the above proof, one can show indα  10. In fact, since Sq4t6 = 0 in H ∗(RP 10) and Sq2 is non-trivial
on H 6(M8), it follows that Hom(H˜ ∗(M8), H˜ ∗(RP 10)) = 0, so that indα  10.2 2
R. Tanaka / Topology and its Applications 154 (2007) 2849–2855 2855With Propositions 4.1 and 4.2, the proof of Theorem 1.3 has been completed. By Lemma 1.6, we have actually
established the following result.
Theorem 4.3. Let F = C or H. For an integer m 0, the following three statements are equivalent.
(1) ΣmFP 2 is I-trivial.
(2) ΣmFP 2 is W-trivial.
(3) m = 0,2,4 for F = C, and m = 0,4 for F = H.
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